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Abstract

Blieberger, J . and U . Schmid, Preemptive LCFS scheduling in hard real-time applications, Performance Evaluation 15
(1992) 203-215 .
We investigate the real-time behaviour of a (discrete time) single server system with preemptive LCFS task scheduling . The
main result deals with the probability distribution of a random variable SRD(T), which describes the time the system
operates without violating a fixed task service time deadline T . The tree approach, used for the derivation of our results, is
also suitable for revisiting problems in queueing theory .
Relying on a simple general probability model, asymptotic formulas concerning all moments of SRD(T) are determined ;
for instance, the expectation of SRD(T) is proved to grow exponentially in T, i .e ., E[SRD(T)] - Cp T T 3/2 for some p > 1 .
Keywords:

real-time behaviour, LCFS scheduling, trees, probability generating functions, singularity analysis, asymptotics .

1 . Introduction
In this paper, we will study some aspects concerning the real-time behaviour of a discrete single server
system with preemptive LCFS task scheduling . Instead of using queueing theory, we apply a special tree
approach which is well-known from the analysis of data structures (see [7] or [8] for a survey) . A
comprehensive discussion of queueing theory may be found in [1] or in [6] .
We consider a system containing a task scheduler, a task list of (potential) infinite capacity, and a
single server . The scheduler inserts arriving tasks into the task list according to the scheduling strategy.
The server always executes the task at the head of the list, thus scheduling is done by rearranging the
task list . A dummy task will be generated by the scheduler, if the list becomes empty. If the server
executes a dummy task, the system is called idle, otherwise busy .
Rearranging the task list is assumed to occur at discrete points on the time axis only . The (constant)
time interval between two such points is called a cycle. Due to this assumption, we are able to model
tasks formed by indivisible, i .e ., atomic actions with duration of 1 cycle . A task may need an arbitrary
number of actions to run to completion, while the dummy task as mentioned above is supposed to consist
of a single no-operation action (1 cycle) . The service time of a task is the time (measured in cycles) from
the beginning of the cycle in which the corresponding task is invoked, to the end of the last cycle of that
task.
Obviously, the time axis is covered by idle periods and busy periods, which are supposed to include the
initial idle cycle, too . Note that our definitions imply a correspondence between an idle cycle and a busy
period with duration of 1 cycle .
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In order to investigate real-time performance, we are going to study the following random variables :
(1) The busy period duration BPD . This is the time interval (measured in cycles) from the beginning of
an idle cycle, in which a task arrives, to the end of the last busy cycle induced, i.e ., the length of a
whole busy period .
We should mention that this duration provides no answer about missing deadlines, since it takes
into account the sum of all service times of tasks arriving within the period only, but it should give
some insight into system load distributions . BPD is determined by the arrival process and the service
times only, hence independent of the scheduling strategy, and has been analyzed by classical
queueing theory, too, cf . [6] . Our analysis demonstrates the power of the approach in obtaining the
required results quite easily .
(2) The time to exceed TTE(T) and the successful run duration SRD(T) . The former is the time interval
(measured in cycles) from the beginning of the initial idle cycle to the beginning of the first cycle
causing a fixed task service time deadline of T cycles to be missed, i.e ., the time the system operates
before a task violates the deadline .
A sequence of nonviolating busy periods followed by a busy period containing at least one deadline
violation is called a run, the sequence without the last (violating) busy period is referred to as
successful run . The parameter SRD(T) of the system is the time interval from the beginning of the
initial idle cycle to the beginning of the (idle) cycle initiating the busy period containing the first
violation of a task's deadline T . Obviously, we have SRD(T) < TTE(T) .
Since we are concerned with preemptive LCFS scheduling, we can state an exact relation between
SRD(T) and TTE(T) . As we shall see later, we have TTE(T) = SRD(T) + T, and it suffices to derive
asymptotic results for one of these random variables if the term T is "asymptotically smaller" than
the other terms . Thus we will restrict ourselves to studying SRD(T) .
We assume an arrival process, which provides an arbitrarily distributed number of task arrivals during a
cycle, independent of the arrivals in the preceding cycles, and also of the task execution times . The
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arbitrarily distributed (but independent) task execution time is the number of cycles necessary for
processing the task to completion if it occupies the server exclusively.
To make things clearer, we give a few applications of the above . For instance, consider a single
processor with a single interrupt line, which executes all machine instructions within a fixed time, a cycle
(a few 100 nanoseconds, for example) . Traditionally, interrupt arrivals will become recognized at the end
of an instruction, causing the CPU to process a (reentrant) service routine . An idle cycle corresponds to
the execution of an instruction which is not part of an interrupt service routine .
A straightforward application is the ordinary preemptive LCFS (last come first serve) task scheduling
problem for a single processor, though it causes some problems in how to justify an equidistant
subdivision in atomic actions at a higher level than machine instructions . However, modeling task arrivals
by a Poisson process seems to be a reasonable approach .
Another application of the general model may be found in a server for a TDMA channel (time
division multiple access) . If we consider a single communication channel shared by multiple (say, n)
stations, a common approach for synchronizing the transmission activities is TDMA . Each station owns a
unique subslot of duration t/n, where it may transmit exclusively (if there is data to transmit, otherwise
the subslot is wasted), all together forming a transmission slot of duration t . Due to the cyclic occurrence
of the transmission slot, each station may transmit every t time units . A reasonable order of magnitude
for t is 10-100 milliseconds .
If we apply our model, transmission slots correspond to cycles and service corresponds to the
transmission of one packet . The packet arriving process may be modeled by a Poisson process, an idle
cycle corresponds to a wasted (sub)slot .
Notational remarks .
(1) We denote by [zn]f(z) the nth coefficient in the (formal) power series f(z) .
(2) We write f(x) = O(g(x)) for x - x o if there exists some real constant C > 0 independent of x which
guarantees I f(x) I < C I g(x) I for all x in a suitable neighbourhood of x O .
(3) We use the notation f(x)-g(x) for x x o if limx -xp f(x)/g(x)= 1 .
(4) We write f(x) = o(g(x)) for x -x o if limx -xp f(x)lg(x) = 0 .

2. Probability model
This section introduces the probability model used for subsequent investigations . We assume arbitrary, but independent probability distributions for the number of task arrivals during a cycle and the
task execution times .
The probability generating function (PGF) of the number of task arrivals during a cycle is denoted by
A(z) _ Y,

a,Z k

k>-0

and is constrained by
(1) A(0) > 0, i.e ., the probability of no arrivals during a cycle is greater than zero . This guarantees the
existence of idle periods.
(2) The radius of convergence M of A(z) is greater than 1 since A(' )(1) exists for all r >, 0 (cf. [7, p .
98íf]) . This implies that all moments of the corresponding random variable are finite .
(3) For purely technical reasons we presume that there exists some o- such that 0 < o- < M and
A(Q) =oA'(o,) .
Note that this implies that arrivals during any two different cycles are independent since task arrivals are
defined for each cycle separately . It should be noted that all important probability distributions occurring
in practical applications are constrained in this way, e .g ., the Poisson distribution .
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Fig . 1 . A simple system with preemptive LCFS scheduling .
The PGF of the task execution time (measured in cycles) is denoted by

L(z) _ I-

IkZ k

k>0

with the following additional assumptions :
(1) L(0) = 0, i .e ., the task execution time is greater than or equal to one cycle .
(2) The radius of convergence of L(z) is greater than 1 . This implies that all moments of the
corresponding random variable are finite .
Again, this definition implies task execution times independent of one another and of the arrival process .

3 . A tree model
As mentioned in the introduction we are dealing with a discrete time model . To motivate our tree
approach for this model, we give an example .
Figure 1 should be interpreted in the following way : Cycles are delimited by short lines on the
horizontal axis . Task arrivals are shown by small lightnings . The y-coordinate represents the number of
tasks present in the task list . According to our preemptive LCFS scheduling strategy, if only one task
arrives during a certain cycle, its execution is started at the next cycle . If more than one task arrives
during a cycle, they are executed one after the other, again starting with the next cycle . Executing tasks
are represented by horizontal lines . If a task is suspended, because a new task arrives, this is shown by
raising the horizontal line of the current task by one unit . If a task terminates, the line lowers one unit .
(Note that this is also the case when task T t of our example terminates, although task T4 is started
immediately thereafter.) The figure also illustrates the notion of busy and idle periods, which have
already been mentioned in the introduction . Another notion, sub busy periods, is introduced in the figure .
This notion will become important in Section 5 .
Now we are coming to a central point of our investigations . We will show how this scheduling model
can be represented by trees . This kind of notation allows to deduce some results in a quicker and clearer
way than, e .g ., the Markov chains used in classical queueing theory . For a similar approach see for
example [5, p . 300], where a bijection between paths and trees is presented .
In our tree-like notation, a cycle is denoted by a node (O) . If k tasks arrive during the processing of a
cycle, the corresponding node has k successors, denoted by square nodes (E I) . According to our
probability model, each node with k successors is weighted with ak, the probability that k tasks arrive
during one cycle . If the execution time of a task is n (measured in cycles), the corresponding
(square-)node has n successors, being of course O-nodes . As one would have expected, such a
(task-)node is weighted by 1,,, the probability of having execution time n .
Thus, our tree consists of two alternating layers, one containing circles (O) and the other containing
square nodes (o). For instance, Fig . 1 can be mapped to the following tree (Fig . 2), where weights have
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Fig . 2 . A simple system modelled by a tree .

been suppressed for the sake of readability . By traversing this tree in preorder, we can reconstruct the
original figure as is shown in Fig . 1 . The dotted line shows the boundary between two sub busy periods,
which will become important in Section 5 .
Finally, note that an idle cycle is represented by one O-node, which may be called a degenerated tree,
and that the time axis can be divided into pairs of busy periods and idle periods, where we model a busy
period by a (normal) tree and an idle period by a sequence of degenerated trees . Thus the overall system
behaviour is represented by a sequence of trees .

4. Busy period duration

In this section we are going to derive several results concerning the length of a busy period . Some of
these results give well-known facts from classical queueing theory, which can be deduced more quickly
and clearly by using our tree approach . The results of this section will be needed in Section 5, too .
The definition of a busy period can easily be visualized by using symbolic notation (cf. [4] or [15]) . We
denote by .V the family of trees described in the previous section, and by 17 the family of (task-)trees :

,~W =

ak

k>0

9 . .. 9
k times

9= E ln

n31

M . . . _W
n times

As can be seen, these symbolic equations reflect exactly the recursive definition of the trees in Section 3 .
The major advantage of this symbolic notation is that it can be translated into functional equations for
the corresponding generating functions . For more explanations, see [4] or [15] . The length of a busy
period (measured in cycles) is related to the number of nodes of our trees . Thus we can study this
quantity by "counting" such trees. More precisely, we do count circles (O) only and not square nodes
(0), i .e ., the size of a tree is given by the number of its O-nodes . Strictly speaking the term "count" is a
little inaccurate ; in fact we evaluate the average size of trees, where the trees are weighted by the
distribution given from A(z) and L(z).
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Let b i be the probability that a busy period has exactly length i. Further let
B(z)

_ E bi z`

i>l
be the corresponding probability generating function (PGF) . According to our symbolic equations we get
the following functional equations for B(z) :
B(z)

_ E a k zT k (z)
k>0

and
T(z)

_ E l n Bn(z)B
n>1

Thus
B(z) =zA(T(z))

and
T(z) =L(B(z)) .

Introducing c~(z) =A(L(z)), we can deal with the PGF of the overall service time, i.e ., the number of
cycles induced by arrivals during one cycle .
Hence we have shown that B(z) fulfils the following functional equation :
Lemma 1 . The probability generating function for the length of a busy period fulfils
B(z) =zO(B(z)),

(1)

where 0(t) =A(L(t)) = E j , o c i t i . (The PGFs A(t) and L(t) have been defined in Section 2 .)

The function ¢(t) is analytic in a domain I t I < R, 1 < R < +- and has non-negative coefficients
because of the assumptions on A and L . Let v (real) be defined by L(v) = tr, where o- is defined in
Section 2 . (Note that v is defined uniquely since L(t) is strictly monotonically increasing for t >, 0 .)
Because of the assumptions on A, we have
A(L(v)) =L(v)A'(L(v)) .
Since L(t) < W(t) for t >, 0, it follows that there exists some 0 <
0(T)

='ro ' (0 .

T

< v such that
(2)

For practical applications, the deadline T of a task should be large compared to the duration of a
cycle . Hence, asymptotic results for large T are satisfactory . In the broad field of analysis of data
structures and algorithms many tools are used for determining the asymptotic behaviour of coefficients of
generating functions . The Darboux/ Pólya method is one of them (cf. [2]) and is based on the following
theorem :
Theorem (Darboux) . Suppose A(z) = E n , 0 a n Z n is analytic near 0 and has only algebraic singularities a k
on its circle of convergence I z I = r, i .e ., in a neighbourhood of a k , then we have
Wk
z
(1 - A(z)
gk( Z ) ,
ak
where GJk * 0, - 1, -2, . . . and g k (Z) denotes a nonzero analytic function near a k . Let 0) = m aX kT ( (D k )
denote the maximum of the real part of w k and by aj , coj , and gj denote the values of a, co and g such that
coj = co . Then we have
an

gi( a i) n om,-l aj n -i-O(Yl`~-lr-n) .
i F(coj )
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Another well-known tool concerned with functional equations is described in [2].
Theorem (Bender) . Assume that the power series w(z) = E ni 0a n Z n with nonnegative coefficients satisfies
the functional equation F(z, (o) _- 0 . Suppose that there exist real numbers r > 0 and s > a 0 such that
(1) for some 5 > 0, F(z, w) is analytic whenever I z I < r + 5 and I w I < s + 6 ;
(2) F(r, s) = F, v (r, s) = 0 ;
(3) Fjr, s) 0, and F,,,,,,(r, s) *, 0 ; and
(4) if I z j <r, l w l < s and F(z, w) = F,,,(z, w)=0, then z = r and w = s,
then
i/2
rFZ

n-3/2r-n(1+0(1)), (n
- ( 27rrFW ,,,
where the partial derivatives Fz and F,„,„ are evaluated at z = r and w = s .
an

This theorem is well suited for our needs, so we can derive an asymptotic formula for b ;, the
coefficient of z` in B(z), if we take into account that B(z) satisfies the functional equation (1) .
Theorem 1 . Let d = gcd{i :

c ; * 01 denote the number of singularities on the radius of convergence of B(z) .
The probability for a busy period having length i (i =- 1 (mod d)) is for i - Oc given by

b i =Cp ii-3/2(1+0(1)),

(3)

where p = r/cß(7-), r is given by (2), and C = d(O(r)/27r0"(T))'/2 . (For i * 1 (d) the probability for a busy
period having length i equals 0 .)

The factor d results from the fact that B(z) has d singularities on its circle of convergence . Note that
since B(z) is a probability generating function, and that 0(t) =A(L(t)) . Theorem 1 was already
obtained in [10] by the Darboux/ Pólya method although in the framework of random trees .
It is also possible to determine moments of the parameter BPD directly from the functional equation
(1). For instance, we can evaluate the mean of BPD
1
1
E[BPD] =B'(1) =
p > 1

1-0'(l) = 1-A'(1)L'(1)

or the variance
Var[BPD] =B"(1) +B'(1) - (B'(1)) 2
=(1-A'(1)L'(1)) 3[A'(1)L°(1)+A°(1)(L'(1))21
+(1-A'(1)L'(1)) 2Á'(1)L'(1) .

5. The moments of the successful run duration
According to our previous considerations, the time axis can be divided into pairs of busy periods and
idle periods . In case of the parameter SRD(T) we need a certain number of such pairs, where the
deadline T is not violated during the busy periods, and there is a busy period at the end violating the
deadline.
In order to guarantee that a certain deadline T is not violated during a busy period, so-called sub busy
periods become important . A sub busy period is defined to start either at the beginning of a busy period
or when at least one task arrives during the last cycle of the task that started the previous sub busy
period . It lasts until the last cycle of the tasks that have started the sub busy period have been processed,
but does not include this last cycle . Figure 1 in Section 3 shows that there exists a relation between sub
busy periods and those points, where the lines that visualize the tasks, touch the time axis . In fact, sub
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busy periods are shifted one cycle left w .r.t . the points described above . This shifting has been introduced
because it simplifies our computations significantly .
Thus, a busy period is divided into a certain number of sub busy periods (plus one cycle in the end,
which we shall consider later) . It is clear from the definition of a sub busy period that the deadline T is
violated when the length of a sub busy period is greater than T, since we are dealing with preemptive
LCFS scheduling. The first deadline violation can only happen to the task having started the sub busy
period . Hence, if we are able to find a tree model, we can determine the length of sub busy periods by
counting trees.
According to our presumed independent probability distributions, we can model sub busy periods by
removing the sub-tree of the last cycle of the rightmost task following the root of our tree E=- -V, since this
is the cycle where the next sub busy period is started (cf. our example in Section 3). Denoting sub busy
periods by .F and by
in symbolic notation, we get by similar reasoning as in Section 3
=a o 0 + Y, a k
k>1

~
k-1 times

and

n> 1

n - 1 times
In the symbolic equation for _q, the cycle without successors (a oO) is responsible for idle cycles, while
the other terms correspond to sub busy periods . Note that we do not count the last cycle of a sub busy
period (d), since it will be counted correctly in the following sub busy_period (or idle cycle) .
Thus we get for the corresponding generating functions fl(z) and T(z)

a k T(z) k-1 T(z) =a o z+z T ( z ) (A(T(z)) -a o )

bn z " =a o z+z

B(z) _
n>1

k>1

and
T(z) _ L InB(z) n -' L(B(z))
n>1
B(z)
Inserting the formula for T(z) into that for B(z) we obtain
z
B(z) =a o z+ B(z) (0(B(z)) - ao )

which yields
aoz
B(z) = 1 + a o z - B(z)

(4)

taking (1) into account .
Thus we have found a simple expression for the PGF of the length of sub busy periods . Since,
however, we are interested in sub busy periods having length of at most T cycles, we have to modify our
result . Let BT (z) be an appropriate GF, viz .
T

BT (Z) _ E b,Z" .
n=1
In order to model the overall system behaviour during a successful run, we obtain for the PGF of the
random variable SRD(T)
1 -B T (1)
ST(Z) _ 1: sI Z I = 1 -BT (z)
t>1

211
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This follows from the fact that the probability generating function of the length of an arbitrary number of
non-violating sub busy periods is E n , o B T (z )n, and that the probability of the occurrence of the
terminating violation sub busy period equals 1 - BT ( ' ) *
We are now going to investigate all moments of SRD(T) for large T . So let
Er=Er(T) = Er[SRD(T)I

be the rth moment of SRD(T) and let
r
Er= ,
- ST(Z)
dZ

_
z=1

( t)rst
t>_ 1

denote the rth factorial moment, where (Or = t(t - 1) . . . (t - r + 1) is the falling factorial .
Using the formula of Fag di Bruno (cf. [7, p . 50]),
z

(b(a(z)))(r)I

=t

rl
_

F,

W

) (a(t))

j=0

E

( a (u( t ))k

. . .

k,+kz+ . . . +k =j k,l(ll)k
k,+2k z +
+ rk r =r
k ;>0

kA ri )

. . . (a(r)(t))kr

k

it is easy to prove by setting a(z) = 1 -BT(Z) and b(z) = 1/z that
(-'J!
1)
Zr S T (z) _ (1 -BT(1)) E
t+1`Sj,r(Z)'
d
j=o (1 - BT(Z))

where Yi,r denotes terms involving derivatives of B T (z) according to the formula of Faá di Bruno.
Hence we get for Er
_
Er

r
j

(

1)t j !

(1 -BT(1))l~

r( 1 )

Next we investigate BT (1) . Since we will also need asymptotic information on BT(r) (1)
dr/d z rBT (Z) z = 1, we are going to deal with this more general case in the following lemma .
I

Lemma 2. With the notations above, we have for T - 1)rbP pr

BT)(1)=B(r)(1)+ (

(1+o(1)),

where B ( r )( z) denotes the rth derivative of B(z) and M r

=

T(T - 1) . . . (T - r + 1) .

Proof. We define the generating function H ( r ) ( z) by
T
H (r)( Z ) =

E B(Tr)(1)ZT=
T>-I

E

(n)rbn

_
E
n>1

ZT

T>1 n=1
Zn

E

(n)rk

T>n

ZT

E
n31

(n)rbn

1

-Z

Zr
1-Z B(r)( Z) .

Thus we have
z rB (r) (z)
BT[ZT]

1-z

Since we want to apply the Darboux/ Pólya method again, we have to determine the singularities of
BO = 0 can only happen if ~ = 0 .

H ( r ) ( z) . In order to determine these singularities, we first note that
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This can be seen by regarding (1) which implies 0 = a o 6 if we set z = 6 . Hence (4) does not cause a
singularity at z = 0 and there remain two possible types of singularities :
(1) the pole at z = 1, and
(2) the singularitie s of B ( r )(z).
The singularity of B ( r )(z) nearest to the origin is equal to the singularity of B(z) nearest to the origin (cf.
(4)) and is thus known to be greater than 1 (cf. (3)). Thus we consider the pole at z = 1 first .
Let
B~r ) (1)
R(r)(z)=H(r)(z)
1-z
R(r)(Z)
Now, the function
does not have a pole at z = 1, which can be checked using de l'Hospital's rule .

Thus
BTr)(1) =B(r)(1) + [ZT]R(r)(z) .
On the other hand, R(r)(Z) still has a singularity at z = p originating from B (r) (z) . Clearly z = p is
now the singularity of R ( r ) (z) nearest to the origin . Hence
B(Tr)(1)=B<r>(1)+ (

1)rbppr(1+0(1)), (T

by expanding H (r)(z) around z = p .

cc)

0

Note that for r = 0 we obtain
l bT P
B T (1)=1+

(1+0(1)),

(T-oc) .

Taking into account (3) and Faá di Bruno's formula, we see that the major contribution for the
asymptotic behaviour of Er comes from the term where j = r, because the inner sum of Faá di Bruno's
formula contributes -9 r(1) = O(1) for T -> - (cf. Lemma 2) . The other terms of the outer sum ( j r)
can be neglected, since their denominators are of smaller order .
Thus we get for r > 1 the following asymptotic expression
E'(T)

because

-95,, r (1)

Br( 1 )
r,
[ 1 -B T (1)

(T ~ °°)

_ (-1)r(BT(1))r. From this it follows that for T - oo

Er(T) ~Er(T),
i.e ., the rth moment is asymptotically equivalent to the rth factorial moment .

To derive a more illustrative asymptotic formula for the rth moment, we let
BT( 1 )
µ =µ(T) =E1(T) =
1 -B T (1) '

and investigate µ(T) for T

in the following treatment . Observing Lemma 2, we get

BT(1) =a o B'(1) +O(p-TT-1/2),

In order to find an asymptotic expansion for b T , which is needed in studying 1 -B T(1) for T ~, we are
going to determine the asymptotic behaviour of B(z) near its singularity p . From (1) and the theorems
due to Darboux and Bender cited in Section 4 we conclude that B(z) has the following expansion near
its singularity p :
B(z) =T

-C1(1 -z/P)1/2+ O(1

- z/P)~

J. Blieberger, U. Schmid / Preemptive LCFS scheduling

213

where cl _ (2~(T)/~"(T))1/2 . Inserting this into (4) yields for z - p
ZIP) 1/2
+ O(1 -z/p))
B(z) = 1 +a o p -aop(T-c1(1 _

=1+a o p- a pp I1+ T1 (1-zlp)1/2+O(1-z/p))

Using Darboux's Theorem again, this implies
T-

ao

pb b T as T - - .
T
Before we state our main result, we have to reconsider our system modeling . Remember that we did
not take into account the last cycle of a sub busy period since it is considered to be the starting cycle of
the following period. So we have computed SRD(T + 1), and not SRD(T) . We fix this by decrementing T
by one in our derivations and obtain the following main result .

Theorem 2. With the notations above, as T - oc, the rth moment of SRD(T) fulfils
E'(T) ^-rlµ(T) •,
where

BT(1)

_
µ(T)

1

- BT( 1 )

and

1

µ(T)

= d(

2~~„ (T) 1/2

~( T)

)

T2( _ 1)
p

T T 3/2 (1+0(1)) .

P2(1-~r(1)) P

Thus we see that the mean of SRD(T) grows exponentially in T . Note that the moments of the
random variable SRD(T) are asymptotically equivalent to the moments of an exponential distribution
with parameter 1/µ(T) . Unfortunately, we are not able to derive the limiting distribution of the random
variable SRD(T). This is due to the asymptotic nature of our results which are not uniformly valid for
r >, 1 .

We conclude this section by relating the two random variables SRD(T) and TTE(T) which have been
described in the introduction .
Since the task which violated the given deadline T first, is a task that started a sub busy period, we
have the following simple relation between SRD(T) and TTE(T) :
TTE(T) = SRD(T) + T .
Hence, the asymptotic formulas derived for the moments of SRD(T) are valid for the random variable
TTE(T), too .
6. Poisson arrivals
This section deals with an application of the preceding general formulas to the Poisson case . We
consider Poisson-type arrivals and a fixed task execution time of one cycle . Let A (as usual) be the
parameter of the Poisson distribution, then we get

O(z) = e -k( z -1) .
Applying Theorem 1, the PGF of the length of a busy period B(z) fulfils
B(z) = e'`(8(z) -1)

( 5)

1
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and we get for the probability of a busy period having length i
bi = Cp- ii-312( 1 + 0 ( 1) ) for i

(6)

where p = e - '/A and C = (Á 2 ;) -1.
Fortunately in the case of Poisson distributed arrivals one can find an exact formula for bi by applying
the Lagrange inversion formula to (5) (cf . e.g. [15]) . We get
bi=e- ai

,
i.
but we will not need this for our further considerations . Needless to say, our asymptotic formula can be
derived from the exact formula by applying Stirling's approximation to i! .
For the mean of BPD we obtain in this special case
1
E[BPD] =B'(1) = 1
and for the variance
Var[BPD] =B"(1) +B'(1) - (B'(1)) 2 = (1 -A)3 .
Both of these formulas are well-known from classical queueing theory, cf. [6].
Results concerning the parameter SRD(T) for Poisson arrivals can be derived using our Theorem 2 .
As T ~, we find for the rth moment of this random variable
E'[SRD(T)] -r!A(T) r,
where
µ(T)^

ZT

A e 2c1-x>
1-~

(p-1)pT T 3 / 2 .

7. Conclusions
We would like to remark that this paper should not be seen as a major contribution to combinatorics .
Rather, to the authors' knowledge it is the first theoretical result covering topics of hard real-time
systems, and its aim is to present our tree approach as a new method in obtaining results that could not
be derived using classical queueing theory.
However, it should be noted that results concerning the maxima of data structures, such as lists and
queues, have already been obtained by several authors with the help of probabilistic tools (cf . e .g.
[9,11,14]). These results have important applications to preallocating resources, but are not applicable to
hard real-time systems, where the size of data structures is less important than the capability of the
system to respond to certain events within a given time constraint .
We would also like to mention that our tree approach can be extended easily to other scheduling
algorithms . For example we were able to study FCFS scheduling using a similar, but more complicated
tree model [12] . Comparing these results with those of this paper shows that FCFS scheduling should be
preferred in a hard real-time system, if our probability model can be applied .
Under the impression of these results one could have expected that it is the preemptive property of
LCFS scheduling that causes it to behave worse than FCFS, because it is always a task starting a sub busy
period that violates the given deadline . But we proved that this is wrong by studying non preemptive
LCFS scheduling [13], where it is shown that this scheduling algorithm behaves very similar to its
preemptive counterpart .
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It should be noted that the authors have also studied FCFS scheduling under rush-hour conditions [3],
i .e ., under conditions where the system is not able to cope with the arriving tasks .
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